Let the surface S be defined by the equations x=f (u,v) , y = g(u,v), z=h (u,v) ,
where/", g, h are continuous single valued functions in a complete limited region 21. In case their first derivatives are continuous in 31, i. e., in case S has a continuously turning tangent plane, the area f of S, which we may without ambiguity denote by the same letter, is The first attempt to show that the formula (1) still holds in case the derivatives of the coordinates are not continuous was by Stolz. J He showed the validity of (1) in the case that the six partial derivatives dx/du, dx/dv, etc., are limited in 31, and are continuous except at a finite number of points, or on a finite number of ordinary curves.
In the present paper I wish to show that the formula (1) holds for much wider cases.
Before doing this, it is proper to call attention to the fact that the definition of the area of a curved surface varies greatly with different authors. For example, no two of the four authors cited in the second footnote employ the same definition, although the four definitions lead to the same result in the case that the surface has a continuously turning tangent plane.
In seeking to remove the restriction of continuity as far as possible, I have found myself forced to adopt a type of definition similar to those employed by Holder and Stolz, which may be described briefly as follows : Let us effect'a rectangular division* of the u, v plane of norm d.
By drawing the diagonals of these rectangles, we divide the plane into little right angled triangles tK. Such a division we shall call a quasi rectangular division of norm d.
Corresponding to a tK whose vertices P0, Px, P2 lie in 3t, is a plane triangle rK inscribed in the surface S, and thus to a quasi rectangular division D of 31 corresponds the inscription of a polyhedron in S whose faces are the little triangles, tk . If SD denotes the area of this polyhedron, the area of S is defined by Stolz to be (2) lim SD.
The objection to this definition lies in the restriction of the polyhedra. One cannot help asking : would the limit of SD be the same for a system of divisions which are not quasi rectangular?
Let us therefore take a more general system of divisions.
Let us divide the u, v plane into little triangles in any way, such however that no square of finite size contains an infinite number of triangles. If each triangle can be enclosed in a square of side d, we shall call such a division a triangular division of norm d. Corresponding to such a division of the u, v plane is a polyhedron inscribed in the surface S, whose faces are also triangular, as before.
If SD again denote the area of this polyhedron we may investigate the limit (2), and if it exists it may be called the area of S.
But when we take the divisions D in this very general manner, this limit does not exist, as Schwarz first pointed out.f Some restriction of D is thus necessary.
Holder, in the paper already referred to, showed that the limit (2) exists for all divisions D such that no angle of any triangle of D is greater than 7T -e, where e ( e > 0 ) is taken small at pleasure, and then fixed. As the sines of these angles do not sink below some positive constant, I shall call such triangular divisions positive.
In the following investigation I have not always been able to adopt as general a definition as does Holder, who considers only the case that the first derivatives of the coordinates are continuous.
On the other hand I have striven, whenever possible, to employ triangular divisions much more general than the quasi rectangular divisions of Stolz. Let us begin by considering a class of surfaces having at each point a tangent plane, which however does not necessarily turn continuously.
Such The answer is pretty evident from the example given by Schwarz.
In fact the equation of the tangent plane at the point x0y0zQ is
A(x-xo) + PÁy-y<>)+ <?.(*-*") = o. Thus for (3) to converge in general uniformly to zero, it is necessary and sufficient that the planes of the faces of the inscribed polyhedra converge in general uniformly to tangent planes. Let us call a triangular division such that the faces of the corresponding polyhedra converge in general uniformly to tangent planes a regular division. We have now the following : Theorem 1. Let the coordinates x, y, z be one valued totally differentiable functions of the parameters u, v in the limited complete region 31, such that 4. The area of S remains unaltered when S is subjected to a displacement or when the parameters u, v are subjected to the transformation of theorems 31, 32 in the author's paper f on Improper Integrals. § 3. Irregular surfaces.
We turn now to certain surfaces which do not have tangent planes at every point, i. e., surfaces for which one or more of the first partial differential coefficients of the coordinates do not exist at certain points, and which may be styled irregular surfaces.
Theorem 5. Let the coordinates x,y, z be one valued functions, having limited total difference quotients J in the limited complete region 3Í. Let D be a positive division of norm = some number d0. Then max SD is finite, and evanescent with 31.
For, let the difference quotients remain = ft. This with (4) gives | S -Sc\ <e; that is, S = lim Sc = lim f = C JA2 + B2 + C2 dudv, by Lectures, § 724.
The preceding theorem takes care of a large class of irregular surfaces whose total difference quotients are limited, either with the original set of parameters or with a new set. When the total difference quotients are not limited, and it is not practical to transform to a new system, whose total difference quotients are limited, the following theorems may be useful.
They rest on a new system of divisions which we define as follows.
Let us effect a quadrate division of the u, v plane of norm d, and take the triangles tK so that for any triangular division D associated with d, no square contains more than n triangles, and no triangle lies in more than v squares ; n, v being arbitrarily large constants independent of d.
Such a division we call a quasi quadrate division of norm d. We shall also need to introduce a new classification of functions according to their variation in 31, or along lines parallel to the u, v axes. where M' denotes a sufficiently large constant ; du, dv denote the length of sides of one of the triangles tK parallel respectively to the u, v axes, and a>a, a>v the oscillation of z along these sides. Since the variation is < M in both directions, 2>X = Z¿.Z<ft < ^Xft, < Mb. Following the line of proof used in establishing theorem 6, and employing the theorems just given, we readily prove the following theorems :
Theorem 11. Let % be a limited complete region, containing the discrete aggregate a. Let 6 be a partial region of 31 containing the points a, such that 33 = 31 -b is exterior to a, moreover let b = 0. Let the coordinates x, y, z be one valued totally differentiable functions in 33, such that A2 + B2 + G2 never sinks below a positive constant in any 33, is properly integrable in any 33, and improperly integrable in 31. 
